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ROWHEXNCLATURE

dA = element of surface area
Co » dreg coefficient, Bq. 3.4
CL = 1ift coefficient, Bg. 3.5
E:D Pxx, = partial drag and lift coefficients proportioned to term

Covny etc  indicated in subscript, Bqs. 3.4, 3.5

dE: ,dEHE,= energy fluxea incicert, reflected and diffusely reflected
from dA , Bg. 2.7

Fa = drag force per wmit length of cylinder

Fu = 1ift feres per wnit leangth of eplinder

47 = force on CA

d“"ﬂ:; = conponent of d? due to incident moleculss

dﬁr = component of dF due to reflected molecules

f = mclacular velocity distribution functiom, Eg. 2.5
£° = Maxwellian distributior, Eq. 2.4

1.1 = modified Dessel functions of sero and first order

K = thermal conductivity

M = Kach number

m = molecular mass

Nw = mmber of mclscules incident on dA per wnit time
P = pressure

pressure on dA dus to incident, reflected, and dilfusely
reflected molecules, respectively, Eq. 2.1C

Pux?ByysPz2z = ncrmal stress deviation terms, Egs. 2.5, 2.6

PisPrsPw

dx>dy>4z = heat flux terms, Eqs. 2.5, 2.6
r = cylinder radius
R = gas conetant
S = molecular speed ratic, Eq. 3.3
Sw - o ecular speed ratic refered to cylinder temperatures, Eq. 3.3
(S sssumed equal to S in computetions)
B = gas temperature
T = temperature of incident molscules, Eq. 2,13
TW = ¢ylinder icmperature
U, V, W 3 polecular velocity component in X , ¥ ,2 direction, Fig. 1
UVsW = cas veloeity components

i [N !
UsVyW = molecular velncity compenents in %X, v, 2' directions, Fig. 1
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EOMENCLATTURE (CovrD)

coordinates rofered to flow direction, Fig. 1
cocrdinates refersd tc surtsce alament, Fig. 1

thermal accommodation coefficiant, Eq. 2.7

ratio of spacific heats

viscosity cocefficisnt

angle between surfacs norzal and flow direction, Fig. 1
gas denslty

reflection cosfriciants for tangentiial and noimal mousnim
transfer, Egs., 2.9, 2.10

shear stress due to incident, reflected and diffusely re-
flectsd molecules, respectively, Bq. 2.9

shear strass terms, Pqs. 2.5, 2.6
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Report No. HE.-150-110

WOLESULE FION OF A NON-UNIFORM GAS

1.0 INTROPUCTION
The forces exerted upon a body in froe molecule flow, i.e., on a
body whose characteristic dimemsion is small comparsd to the molecular mesn
free path, has been detersined theoretically by Teiem (Rer. 1), Stalder and
Zurick (Ref. 2) and others {Refs. 10 to 12). Experiments by Stalder, Good-
win and Creager (Ref. 3), and by Kans and Estermann (Ref. 4) havo provided
goneral confirmaticn of the theoretical develcpmenta.

These investigationa have been confined to the zase im shich the
gas flow paat the body is in Haxwelliian equilibrium. This restriction is
satiafactory for froe flight considerations Wt not for what zay, perhaps,
_prove tc be one of the most important applications of free molecule flow
analyses. This is wind tunnel measuresment of the velocity, and perhaps
cther flow variables, of a gas strean by meaus of small "free molecule 2low"
probss. The voesibilities are espszially promising in connection with hyper-
sonic or supersonic wind tunnels operating at low test section demnsities.
These probes might be of either the heat trsnsfer or asredyoumic force type,
or perhaps both. It is clear, however, that for probinyg boundary layers or
gchock waves or other characteristic parts of a flow field, the instrment
will often be exposed to a gas stream which is not in Maxwellisr equilibriwm.
The cccurence of a large shear stress in a boundary layer, for example, pro-
duces a deperture of the solacular velocity distribetion froa the Maxwellian.
As will be sean below, this non-uniforwity gives rise to additicnal force

terma .-

Approximate analysez of the forces on bodles in such non-Max-
wellian free mpleculs flows have besn made by Eirstein (Ref. 5) and Bp-
stein (Ref. 6) in copnection with the rediometer problem. In ‘heir dis-
cuszsions the rnon-uniformity was confinecd to the case of a local heet flux,
erd in any case the results were only of order-of-magritucde velidity.

In the present report & more detailed anzlysis of the free
rvolecular flow of a norn-unifors gas is made. The results are genaral
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sinough to inrclude arbitrary (small) stress and heat flux. The body gecmetry
hiss beer confired to that of a right circular evlinder criented perpendicu-
lar to the gas flow velaclity, and iv 1s aszsumed the body 's therwal conduct-
ivity ie so large thst it iz at uniforu temperature. Ornly {he serodynamic
force characteristice are determined. The sxtensions to the determinagtion
of heat %transfer characteristics, to other body geometries and to ths ease
of very low internsl conduciivity, will be presented in subsequent reporis,
The mathod, hovever, will be aprerent fréa ths present peper.
METHOD OF ANALISIS
2.1 The Ingidspt Molecules
The genera] method followed is = direct extenaion of the

method for the Maxwellian case used Yy Tsien (Ref. 1) and Stalder

and Zurick get. 2), and was suggested by Goodwin, The force per

wit ares dr:/dA on a surfacs element dA 1s btroken wp into s

part dF, /dA due to the incident molecules, and a part dF /dA due

to the reflected or ra-amitted molecules. Total force characterisilczs
are obtained by integration over the surface of ths body.

The foree dF /dA is analysed 4n terms of %the component
p; zormal to the anrfs-a (praseure) and the compoment T tangential
%0 the surface (shear stress). See Fig, 1. These guantities are
obtained in teres of the solecwlar velocity distribution function,
f (4yvy W) , which is the n'mber density per wnit volume of phase
space of molecules with velocity components U,V,W . One has,

Gﬂ-ﬁm

p, =m // u‘fdu'dv'dw'

201}
e - I
o0 o o
= im / r/ u‘ \J‘ f d LJ' d V( d Wi (2'2)

vhere M im the molecular masa. The veleccity components U,YyWamd

W' sV, W'are related by (ses Fig. 1),
u=-U'COSQ+\v‘3_m6 \
vV =-d' §inf -V Ccose {2.3)
W= W'

R L™

L e e —— RN
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wnere & ir the angls betwesr tha {outward) ncresl %9 the anrface and
the X (f£low) Airection.
The function f 4s given in the Maxwellian cacs by

2

2 2
CU“U) + O \\.AJ

<.
£ (W) =f°= TR RTY % e ZR1 e
!hera/o,-r, U, R are the gac deusity, tempoerature; flow velocity and
the gas constant, respectiively. Por {he non-Maxwellisn came, one use:
the distribution function considered by Kaxwell (Ref. 7) and Crud
(Raf. 8)3 r
€= ToRT | Pes W p, 2 w?
T 2pRT | Pxx PyyV * P,z
(2.5)

--?_-'c?xy (G-U)v-2T Co - w=-2T, vWw

oy - UV wWR U ]
2\ SRT }(q ({-U)+ q Vv +a, WWJ

shere Pxx’L‘ sqx » etc. are the viscoue stress and heat fiuwx com-
yonents. These quantities, together 'ith/O, and T, ard treated as
conatantz throughout the region occcupied by the cylinder. PFor the
equilinriom case, and for ==3ll gradients of velocity and temperature,
thase terms are related to tha velociiy and ‘emperature by the Kavier-
Stokes melatiocna
N
ri_-_(u PV nWﬂ
Pxx = L 3. 3 Oy

~ A9, d\', > /
o = [B 420 .

Jy = - T;

Ny
'l
™
e

-/
For rarid processes (s.g., 2hoek weves) or for large gradients of
texperuture and velocity mors corplicated relations exist; msa Ref,
8 for details. In the preasent report, the results will be obtained
in terms of the variables listed in Bgq, 2.5, so that they ars i

in
pendent of whether or not Equ. 2.€ are valid. It should almo be

2 -
uec -



2.2

o~
1

mentioned that for sufficlently non-umiform aituvations the approximation
of Bq. 2.5 itself bezomes poor. Additional terms in the expression for
the molecular velocity distrimution weuld ther Le required and would ecne~
tribute to the gross force exerted upon the body. The relative depeon-

o 5 r T ; BT . WO 5 ane
deance upon ths parameters i’ix"“x_wqx etc., however, would ro unchanged.

The determinatinn cf d%‘r , the force on dA due tc the re-

suitted solotulas, requirma a mpecification of the nature of the inter-
sction of the impinging molecules with tha surface. The treatwent of
this question will be fopemhet generalised in this report froz the usual
treatment of Maxwell (Fef. 7) which has besn followed in the subsequent
work of Tsiasn (Raf. 1), Staldsr snd Zurick (Rof. 2), and others, Trs-
ditionally, the interaciion has been described in tores of two psre-
netera, the thermal sccomsodation ceeificient o4 and the spesnlar re-
flection coaificient (7 . The quantity ok 4s defined by:

-dt .
df, -dt,, (2.7)

where dE| ,dErwddEwan the energy fluxes, wespectivsliy. incident
on and reemitted from the surface, and the flu— which would be re-
emitted if gl) incident molecules were reemitted with a Marwsllian
diatridution corresponding to the suriace %;?;pa:ataraTw » Tha auan-
tity ol then is & meagure of the degree to which the incidert sole-
cules are “accammwdateu® 40 the zurface. Haasured values nf ol are
usvally slightly less than wnity (Ref. 9). It will B3 obserwed thet
all gquantitiiss ¢n the right side oi' T'q. 2.7 are well-defined and can

5o either calsviatad or measurzd,

ol =

The definiticn of J , however, is somewhat 1lesa satisf{actory.
I¢ i5 supposed that the incident mclecules are either reflected “spec-
ularly® (i.e.; with simpla reversa.. of normal velocity) or “Gifiiuseiy”
(whieh for soms applications can be iust "randomly®, Tt eventually
sust be defined more precisely as maxwallian corresponding to a tem-~
peza*m—r which is not necessarily the same anTW ). The coaffi.
cient § is then defined as the fraction of diffusely re{lected mole-
¢ulas, | =0 being tne fraction which are specularly reflscted., The



definition in this form of the quantity J thus becomes meaningless
unless the actual interaciion with the surfsce ia of the type speci-
fied, is measured valwe of § nave actually heen detsrminsd, how-
ever, this difficulty has besn rvolded becsuse only groez tangantial
forcas are dealt with, Thus, accoriing %o the dsfipitien of ; one
has .

T

F =Yt ~tr (2.8)

N
b}

where ’L:'l ard T"\“ &re the incicent Iand reflacted fluxes of tangential
avmentirs (shsar stress). For ail praciicel purposes, Bq, 2.8, rather
than the specular-diffuss model, has been the defining squation for
0 . The two definiticur ars ln agreemant if the interaction actu-
ally i8 of the spscular-giffuse type (which it, of course, almost
certainly is not), ciherwise Bn, 2.8 defines (J. %ij. 2.8 nay be
written also, for gymmatry with Bq, 2.7, iz the fors:

F = E - Er (2.9)

Li 7 bw
whare ’t’w is defined as the tangential momertum flux which would be

reflceted from the surface if sll incidant molecules were reamitted
with a Maxwellian distribution correapondirg to the surface tempsra-
turs Y,y. Clearly TW=0"

Thus the difficulty inherent in tha original definition
of 0 is avcided, insofar as the detarmination of tangentiml forces.
However, it occurs again in the determinaticn of norwal forczz, and
again recourses has besn taken ir Refs. 1 and 2, for axample, to the
specular-diffuse model, If the mctusl intsraction is differant,
then the determinaticn of heat tranafer, tangential force and normsl
force in terma of just the twe parmeters o and G wounld »iald results
which one would expect o be mutuwlly incongisisnt. 1a difficulty can
be avoided if an additional parameter GI; 8y, i8 defined by

I
l
|
l

N

L

2

vhere D. pr and Pware respeciively the incident and reflected
fluxas of normal momentus (prosmure) and the flux wshich would %o

reenitted if all the incident mclacules wers reenitted with a Max-

", m—
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- b -

v g, ey

wellian distribution corresponding to the surface t.enpersture-nu.
w

The quartity Pw is given by (Ref. 2)

. TeRT
p = \\4“; m \_! __“__\d‘\‘__
W v 2 f2.11)

where NW is the number of molecules ver wnit time incldent on a wnit
surface arsa. It 1z given

Ny = | // Jidddy dw'

Fos complately specular reflsction one has o< ™ 0= 0= Q.
For caapletely diffuse reflection, ~{ = = 5-;" | . For the hypo-
thetical partly diffuse, partly specular interacticn, and {.r s sur-
face at rest with respect to the gas, one would havs

_ g\T, -NG(C-0T, v 0l Ty’ (2.13)
g = ol — OO dE,-W;g——J>“T}
7= Ty

Howaver, in gecneral; for actual physical interaciion the thiree pera-
meters would be indspsndsnt. Thoy arc suffisient, however, to deler~

mine fr3s molecule flow heat trsnsfer and aervdynamic force character-
istics,

The Combined Bxpreseiong

The total force on & wnit of surface aree is analysed into
a normal covponent p and a tangential couponent T given Yy

P=P *P \\‘
= __"\-‘ J (2-M>
'\., 'u'! -Jr

Bith the help of Eqs. 2.9 and 2,10 theae reduce to
u 1
p:(Z-O')P}-tGPw

T=0T;

(2.15)
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Tr tarme of < . us*ng Bgs. 2,11, 2.12, 2.1 and 2.2, one has

/;/ f[ ‘T)u +0 \[—R:T' u']du;dv’dw‘

&m // u'v"pdudv dw'

The total force on & mnit lengih of the cylindsr is obtainad
in terma cf the drag for:e }'ﬁ and the 1ift force FL » These are given

w 2 3

-—— '_ } i
FD—// (-p cosB +C sme)rae l\)
-FL.—_-. - psing -1 COSG) rd® |

Combining Eqs. 2.17, 2.16, 2.5 and 2.3, cne has finaily,

2 TR T

y P\ — W
Kz-c'ju' +6 N3 u‘q} cos €

-

L
v

\ _ Eu'cos & +v'sing U) +(u' sin8-yv! "OSG)Z*W

+cu'v's‘me/€ 2RT

/
| ‘
{\\.;, Eﬁﬁﬁ&}u{“uifosew‘gm U) +Pyy (Fusin®-y CO%G)

X

z [P LN _ 1
+ P W -2T; ucesB Y sing-U)(-u'sin 8 -v'cos &)

2%, (u'cos 8 +V'sinB-Uw' -2, (-u'sinB -V 'cosB) W'

(u'cosB +V'sing - U)

@
?Q -u COS@ +v~m8—U)’+f-u snl-v \,OUD) v\..u \(

S5RT \

_1\
CemBeviened g W '/rgug\_/dwfle

(2.16)

{(2.17)

{2.18)

[P RSTY <, 1T
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Performing the integration indicated in Egs. 2.13 and 2,15, one
ohtalina 5

_ 2 ;(4‘ 25 -rO')\}—le 2 P5+252)I (-‘;:La)+(\+2%2)1 (—éf-;
FD —/mr-U L l. o\ 2 2

z
/ N\
g0 E [ea (1$H-1 &)
¢'m:  @-20+oNT 64 (-1 (&)
= 2 | 2
= (21,(%) N <%-))
5 % /_Sf\r\\
+ 2B (1 () +0-20)L ()
AN .2 &
-5 ( _
e 28T E ety [T |
==, o R % (3.2}
g* 6dy 1 5t 5%
(- 1] L LY
‘IhereI undI are the mcdified Bereel functions and 5 is the mclecular



speed ratio

Bt e o G AR i

- -—u~— o
ST ER - ‘l + M (3.3) |
[
It will be observed thei ifhe drag force for the non-umiform case i
differas from thst for the wmiform ¢ese Ly terms proportional, respeotively, f
to the heat flux in the X ~direction and to the deviation of the normal :
stresses from the hydrostatic. The 1ift force, which is zero for the wni- [ :
form casé, condaing terms propertlenal fo the shesr stress and ‘he heat flux '
in the Y direction.
Eqs. 3.1 and 3.2 muy be rewritten in the form
F Q, P
D X X P. :
C. = =5 = - - + LY (3.4)
b PU%r CD‘ PU Cqu P "Dp><x P CDP)‘.‘;‘ '
: T a,,
o Sy 4 (3.5)

C T Putr p C Txy © p_U CL qy

The indlcated partial 1if%t and drag cosfficisats, CL'C"x_y » Cpgx + ot
correspond tc the contribution to the total 1ift or drag arising from the
non-uniforeity denoted in the subseript. These results are presented
graphically in Pigs. 2 and 3 for the case of diffuse reflection. It should
slso be mentiocned that the results of Eqs. 3.1 and 3.2 agres with those of
Ref. 2 for the uniform case.,

Inepection of Pign. 2 and 3 reveals that the partial 1ift and
drag coefficienis corresponding to the pon-unifors terms are all seall cos-
pared to the coefficiant for the wniformm case CDo‘ Uiiiess & gas {low is
very non-uniform, i.e,, if the flow itmelf is in the continumm or alip

flow region, the quantities P, , P, and t’xy are mmall comparsd to O.

It follows that the contribution tv the total force on the cylinder arising
froa these viscous stress terms %111 be small compered to the forces due to
the wiform flow (of the order ofi = few per ceat or lucs). Thess quantitles

might thus be neglected in comnection with use of the cylinder as a probe.

The relative importance of the forces arising frem the heat fiwmx
terms, hcwever, depends cn the magnituds of the ratioc of Qg or dy topU.
At high flow velocitles these forces will thus be negligible compared to
the foree fur the uniforu cese. At very low velocitias they will not. In
a stagnstion rsgion sueh forces constitute the entire force on the cylinder,

e 2



4.C

5.0

CLISICHS
4 In the free molecule flow of a ncn-unifora gas {i,e., one
in which heat flux or vieccus atresses are present) past a cylindar,
beth the 1ift and drag forces will be affected by the non-mifomity.
4.2 Force contributions dus to stress and heat flux terme are,
in penarel, small compered ico the foraa for the smiforem case, sxcept
in regicrs of low flow velocity where the forcee arising from tho heat
flurw tarme heocoma {mportant.
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